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1 MOTIVATION

Figure1 illustratesatypicalexampleof apredictionproblem:givensomenoisyobser-
vationsof adependentvariableat certainvaluesof theindependentvariable� , whatis
ourbestestimateof thedependentvariableata new value, ��� ?

If we expect the underlyingfunction
��� ��� to be linear, and can make someas-

sumptionsaboutthe input data,we might usea least-squaresmethodto fit a straight
line (linearregression).Moreover, if wesuspect

��� ��� mayalsobequadratic,cubic,or
evennonpolynomial,wecanusetheprinciplesof modelselectionto chooseamongthe
variouspossibilities.

Gaussianprocessregression(GPR) is an even finer approachthan this. Rather
thanclaiming

��� ��� relatesto somespecificmodels(e.g.
��� ���	��
����� ), a Gaussian

processcanrepresent
��� ��� obliquely, but rigorously, by letting thedata‘speak’more

clearlyfor themselves.GPRis still a form of supervisedlearning,but thetrainingdata
areharnessedin asubtlerway.

As such,GPRis a less‘parametric’tool. However, it’s not completelyfree-form,
and if we’re unwilling to make even basicassumptionsabout

��� ��� , thenmoregen-
eral techniquesshouldbeconsidered,includingthoseunderpinnedby theprincipleof
maximumentropy; Chapter6 of Sivia andSkilling (2006)offersanintroduction.
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Figure1: Givensix noisydatapoints(errorbarsareindicatedwith vertical lines),we
areinterestedin estimatingaseventhat � � ������� .
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2 DEFINITION OF A GAUSSIAN PROCESS

Gaussianprocesses(GPs)extendmultivariateGaussiandistributionsto infinite dimen-
sionality. Formally, aGaussianprocessgeneratesdatalocatedthroughoutsomedomain
suchthat any finite subsetof the rangefollows a multivariateGaussiandistribution.
Now, the � observationsin an arbitrarydataset, � ��������� �!� �"�#�%$'& , canalwaysbe
imaginedasasinglepointsampledfrom somemultivariate( � -variate)Gaussiandistri-
bution,afterenoughthought.Hence,workingbackwards,thisdatasetcanbepartnered
with a GP. ThusGPsareasuniversalasthey aresimple.

Veryoften,it’sassumedthatthemeanof thispartnerGPis zeroeverywhere.What
relatesoneobservationtoanotherin suchcasesis justthecovariancefunction, ( � �)�*�'+,� .
A popularchoiceis the‘squaredexponential’,( � �-�#� + �.�0/213.4 57698;: � � : ��+,� 1�%< 1 = � (1)

wherethemaximumallowablecovarianceis definedas / 13 — this shouldbehigh for
functionswhichcoverabroadrangeon the � axis. If �?>��'+ , then ( � �-�*��+,� approaches
this maximum,meaning

��� ��� is nearlyperfectlycorrelatedwith
��� �'+@� . This is good:

for our function to look smooth,neighboursmustbe alike. Now if � is distantfrom�'+ , we have instead( � �-�*��+A�B>C� , i.e. the two pointscannot‘see’ eachother. So, for
example,duringinterpolationatnew � values,distantobservationswill havenegligible
effect. How mucheffect this separationhaswill dependon thelengthparameter, < , so
thereis muchflexibility built into (1).

Not quiteenoughflexibility though:thedataareoftennoisyaswell, from measure-
menterrorsandsoon. Eachobservation � canbethoughtof asrelatedto anunderlying
function

��� ��� throughaGaussiannoisemodel:�D� ��� ���-FE � �G�#/ 1$ �H� (2)

somethingwhich shouldlook familiar to thosewho’ve doneregressionbefore. Re-
gressionis thesearchfor

��� ��� . Purelyfor simplicity of expositionin thenext page,we
take thenovel approachof folding thenoiseinto ( � �-�#�'+,� , by writing( � �)�*� + �.��/ 13 4I576J8 : � � : �'+,� 1�K< 1 = L/ 1$7M � �-�#� + �I� (3)

where M � �-�#�'+,� is the Kronecker delta function. (When most peopleuseGaussian
processes,they keep /G$ separatefrom ( � �-�*��+,� . However, our redefinitionof ( � �)�*��+@�
is equallysuitablefor workingwith problemsof thesortposedin Figure1. So,given �
observations� , ourobjective is to predict � � , not the‘actual’

� � ; theirexpectedvalues
areidenticalaccordingto (2),but theirvariancesdifferowing to theobservationalnoise
process.e.g.in Figure1, theexpectedvalueof � � , andof

� � , is thedotat � � .)
To preparefor GPR,we calculatethecovariancefunction,(3), amongall possible

combinationsof thesepoints,summarizingourfindingsin threematrices:N �POQQQR (
� �2�;�#��� � ( � ���;�*� 1 �TS S!S ( � �2�;�#�'$��( � � 1 �#��� � ( � � 1 �*� 1 �TS S!S ( � � 1 �#�'$��

...
...

...
...( � �'$2�#���I� ( � ��$��*� 1 �US S!S ( � �'$2�#�'$��

VXWWWY (4)

N � �[Z ( � ���%�*�2� � ( � ���%�*� 1 �\S!S S ( � ���K�*��$G�^] N �_� � ( � � � �*� � �I� (5)

Confirmfor yourselfthatthediagonalelementsof
N

are / 13 `/ 1$ , andthatits extreme
off-diagonalelementstendto zerowhen � spansa largeenoughdomain.
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3 HOW TO REGRESS USING GAUSSIAN PROCESSES

Sincethe key assumptionin GP modelling is that our datacan be representedas a
samplefrom a multivariateGaussiandistribution,wehave that8 ��a� =cb EedGf-� 8 N Nhg�N � N �i� =kj � (6)

where l indicatesmatrix transposition.We areof courseinterestedin theconditional
probability m � � �on � � : “given the data,how likely is a certainpredictionfor � � ?”. As
explainedmoreslowly in theAppendix,theprobabilityfollowsaGaussiandistribution:��� n � b E � N � NLp � � � N �i� : N � Nqp � N g� �H� (7)

Ourbestestimatefor � � is themeanof thisdistribution:� � � N � NLp � � � (8)

andtheuncertaintyin ourestimateis capturedin its variance:r;sKt � ���!�.� N �_� : N � N p � N g� � (9)

We’renow readyto tacklethedatain Figure1.

1. Thereare � �vu observations� , atwh� Z :Bx � y%� :Bx � �o� : �G��z%y : �G� {�� : �G� �oy|�G� �o� ]��
Weknow /G$D���G� } from theerrorbars.With judiciouschoicesof / 3 and < (more
on this later),wehaveenoughto calculatea covariancematrixusing(4):

N � OQQQQQQR
x ��zK� x � {a� x � � x ��� ~�z|����zK������y xx � {a� x ��zK� x � y%u x � }K{ x ��� x ��� ��zx � � xTx � y%u x ��zK� x ��y x�x � {�� x ��� x�G� ~az x � }%{ x � y x x ��z;� x ��yK� x � {o~�G��z%� x � � x�x � {a� x ��yK� x ��z;� x ��yKu�G� y x �G� �az x � � x�x � {o~ x ��yKu x ��z;�

VXWWWWWWY �
From(5) wealsohave

N �i��� x ��zK� andN � � Z �G� }o~T�G��zK� x � �%} x � }oy x � {ou x ��yK~ ]��
2. From(8) and(9), � � �0�G� ��y and r;sKt � � � �.�v����� x .
3. Figure1 shows a datapoint with a questionmarkunderneath,representingthe

estimationof thedependentvariableat �����0�G� � .

We canrepeattheabove procedurefor variousotherpointsspreadover someportion
of the � axis,asshown in Figure2. (In fact,equivalently, wecouldavoid therepetition
by performingthe above procedureoncewith suitably larger

N � and
N �_� matrices.

In this case,sincethereare1,000testpointsspreadover the � axis,
N �_� would be

of size1,000 � 1,000.) Ratherthanplotting simpleerrorbars,we’ve decidedto plot� �.� x � �%uG� r;sKt � � � � , giving a 95%confidenceinterval.
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Figure2: Thesolid line indicatesanestimationof � � for 1,000valuesof � � . Pointwise
95%confidenceintervalsareshaded.

4 GPR IN THE REAL WORLD

The reliability of our regressionis dependenton how well we selectthe covariance
function. Clearly if its parameters— call them � ����<��i/ 3 �#/G$�& — are not cho-
sensensibly, the resultis nonsense.Our maximuma posterioriestimateof � occurs
whenm � � n w�� � � is at its greatest.Bayes’theoremtells usthat,assumingwe have little
prior knowledgeaboutwhat � shouldbe,thiscorrespondsto maximizing���%�"m � � n w�� � � ,
givenby ���o�"m � � n w�� � �.� : x� � g NLp � � : x� ���%� n N n : � � ���%� �K��� (10)

Simply run your favourite multivariateoptimizationalgorithm(e.g.conjugategradi-
ents,Nelder-Mead simplex, etc.) on this equationand you’ve found a pretty good
choicefor � ; in ourexample,<-� x and / 3 � x ���oz .

It’s only “pretty good” because,of course,ThomasBayesis rolling in his grave.
Whycommendjustoneanswerfor � , whenyoucanintegrateeverythingoverthemany
differentpossiblechoicesfor � ? Chapter5 of RasmussenandWilliams (2006)presents
theequationsnecessaryin thiscase.

Finally, if you feelyou’vegraspedthetoy problemin Figure2, thenext two exam-
pleshandlemorecomplicatedcases.Figure3(a),in additionto a long-termdownward
trend,hassomefluctuations,sowemightuseamoresophisticatedcovariancefunction:( � �-�*� + �.��/ 3 1 ��4I576�8 : � � : �'+,� 1�K< 1� = �/ 3 11 4I576J8 : � � : �'+,� 1�K< 11 = L/ 1$ M � �-�#� + �I� (11)

Thefirst termtakesinto accountthesmallvicissitudesof thedependentvariable,and
the secondterm hasa longer lengthparameter( < 1 >�u%<�� ) to representits long-term
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Figure3: Estimationof � � (solid line) for a functionwith (a) short-termandlong-term
dynamics,and(b) long-termdynamicsandaperiodicelement.Observationsareshown
ascrosses.

trend.Covariancefunctionscanbegrown in thiswayadinfinitum, to suit thecomplex-
ity of yourparticulardata.

Thefunctionlooksasif it might containa periodicelement,but it’s difficult to be
sure. Let’s consideranotherfunction, which we’re told hasa periodicelement.The
solid line in Figure3(b)wasregressedwith thefollowing covariancefunction:( � �)�*� + �.�v/ 13 4I576J8 : � � : �'+,� 1�K< 1 =  4I576 � : ���#���71%� �a� � � : � + �^��&�L/ 1$�M � �)�*� + �I� (12)

The first term representsthe hill-lik e trendover the long term, and the secondterm
givesperiodicity with frequency � . This is the first time we’ve encountereda case
where � and �'+ canbedistantandyet still ‘see’ eachother(that is, ( � �-�*��+,�? >¡� for��¢£��+ ).

What if thedependentvariablehasotherdynamicswhich, a priori , you expectto
appear?There’s no limit to how complicated( � �)�*�'+,� canbe,provided

N
is positive

definite. Chapter4 of RasmussenandWilliams (2006)offers a goodoutline of the
rangeof covariancefunctionsyoushouldkeepin your toolkit.

“Hang on a minute,” you ask,“isn’ t choosinga covariancefunctionfrom a toolkit
a lot like choosinga modeltype, suchaslinear versuscubic— which we discussed
at theoutset?”Well, thereareindeedsimilarities. In fact, thereis no way to perform
regressionwithout imposingat leastamodicumof structureon thedataset;suchis the
natureof generativemodelling.However, it’s worth repeatingthatGaussianprocesses
do allow the datato speakvery clearly. For example,thereexists excellenttheoreti-
cal justificationfor theuseof (1) in many settings(RasmussenandWilliams (2006),
Section4.3). You will still want to investigatecarefully which covariancefunctions
areappropriatefor your dataset. Essentially, choosingamongalternative functionsis
a way of reflectingvariousformsof prior knowledgeaboutthephysicalprocessunder
investigation.
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5 DISCUSSION

We’ve presenteda brief outlineof themathematicsof GPR,but practicalimplementa-
tion of theabove ideasrequiresthesolutionof a few algorithmichurdlesasopposed
to thoseof dataanalysis. If you aren’t a goodcomputerprogrammer, thenthe code
for Figures1 and2 is at ftp://ftp.robots.ox.ac.uk/pub/outgoing/mebden/misc/GPtut.zip,
andmoregeneralcodecanbefoundathttp://www.gaussianprocess.org/gpml.

We’vemerelyscratchedthesurfaceof apowerful technique(MacKay,1998).First,
althoughthe focushasbeenon one-dimensionalinputs,it’s simpleto acceptthoseof
higherdimension.Whereas� would thenchangefrom a scalarto a vector, ( � �)�*� + �
would remainascalarandsothemathsoverallwouldbevirtually unchanged.Second,
thezerovectorrepresentingthemeanof themultivariateGaussiandistribution in (6)
canbereplacedwith functionsof � . Third, in additionto their usein regression,GPs
areapplicableto integration,globaloptimization,mixture-of-expertsmodels,unsuper-
visedlearningmodels,andmore— seeChapter9 of RasmussenandWilliams (2006).
Thenext tutorialwill focuson theirusein classification.
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APPENDIX

Imagineadatasample¤ takenfrom somemultivariateGaussiandistributionwith zero
meanand a covariancegiven by matrix ¥ . Now decompose¤ arbitrarily into two
consecutivesubvectors¦ and § — in otherwords,writing ¤ b E � f-� ¥ � wouldbethe
sameaswriting 8 ¦§ =Db Eed�f"� 8�¨ © g© ª =«j � (13)

wherë , ª , and © arethecorrespondingbitsandpiecesthatmakeup ¥ .
Interestingly, theconditionaldistributionof § given ¦ is itself Gaussian-distributed.

If the covariancematrix ¥ were diagonalor even block diagonal,then knowing ¦
wouldn’t tell usanythingabout§ : specifically, § n ¦ b E � f"� ª � . On theotherhand,if© werenonzero,thensomematrixalgebraleadsusto§ n ¦ b E � ©¬¨ p � ¦ � ª : ©¬¨ p � © g �H� (14)

Themean, ©¬¨ p � ¦ , is known asthe ‘matrix of regressioncoefficients’, andthe vari-
ance,ª : ©¬¨ p � © g

, is the‘Schurcomplementof ¨ in ¥ ’.
In summary, if weknow someof ¤ , wecanusethatto inform ourestimateof what

therestof ¤ mightbe,thanksto therevealingoff-diagonalelementsof ¥ .
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GaussianProcessesfor Classification:
A Quick Intr oduction

M. Ebden,August2008
Prerequisitereading:GaussianProcessesfor Regression

1 OVERVIEW

As mentionedin the previousdocument,GPscanbe appliedto problemsotherthan
regression.For example,if theoutputof a GPis squashedontotherange � ��� x � , it can
representtheprobability of a datapoint belongingto oneof saytwo types,andvoilà,
wecanascertainclassifications.This is thesubjectof thecurrentdocument.

Thebig differencebetweenGPRandGPCis how theoutputdata,� , arelinkedto
the underlyingfunctionoutputs, . They areno longerconnectedsimply via a noise
processasin (2) in the previousdocument,but areinsteadnow discrete:say �L� x
preciselyfor oneclassand ��� :Bx for theother. In principle,we could try fitting a
GPthatproducesanoutputof approximatelyx for somevaluesof � andapproximately:Bx for others,simulatingthisdiscretization.Instead,we interposetheGPbetweenthe
dataanda squashingfunction;then,classificationof a new datapoint � � involvestwo
stepsinsteadof one:

1. Evaluatea ‘latent function’
�

which modelsqualitatively how thelikelihoodof
oneclassversustheotherchangesover the � axis.This is theGP.

2. Squashtheoutputof this latentfunctiononto � �G� x � usingany sigmoidalfunction,� �®� �.� prob
� �D� x n � � .

Writing thesetwo stepsschematically,

data,� � GP:7¯ latentfunction,
� �%n � � sigmoid:H:�:�:*¯ classprobability, � �®� � � .

The next sectionwill walk you throughmoreslowly how sucha classifieroperates.
Section3 explainshow to train the classifier, so perhapswe’re presentingthings in
reverseorder!Section4 handlesclassificationwhentherearemorethantwo classes.

Beforewe get started,a quick noteon � �®� � . Althoughotherforms will do, here
we will prescribeit to be thecumulative Gaussiandistribution, ° �®� � . This ± -shaped
functionsatisfiesourneeds,mappinghigh

�
into � �®� �²> x , andlow

�
into � �®� �«>�� .

A secondquicknote,revisiting (6) and(7) in thefirst document:confirmfor your-
self that,if therewerenonoise( /G$D�v� ), thetwo equationscouldberewrittenas8 � � = b E d f-� 8 N N g�N � N �_� =�j (1)

and � � n  b E � N � NLp �  � N �_� : N � NLp � N g� �H� (2)

1



2 USING THE CLASSIFIER

Supposewe’vetrainedaclassifierfrom � inputdata,w , andtheircorrespondingexpert-
labelledoutputdata,� . And supposethat in theprocesswe formedsomeGPoutputs correspondingto thesedata,which have someuncertaintybut meanvaluesgivenby³ . We’re now readyto input a new datapoint, ��� , in the left sideof our schematic,in
orderto determineat theotherendtheprobability �2� of its classmembership.

In thefirst step,finding theprobability m �®� � n  � is similar to GPR,i.e.weadapt(2):m �®� � n  �²��E � N � NLp � ³ � N �i� : N � � N + � p � N g� �I� (3)

(
N + will be explainedsoon,but for now considerit to be very similar to

N
.) In the

secondstep,we squash
� � to find theprobabilityof classmembership,���¬�´� �®� � �	�° �®� � � . Theexpectedvalueis � � �´µ¶� �®� � � m �®� �%n  �*· � � � (4)

This is the integral of a cumulative Gaussiantimesa Gaussian,which canbe solved
analytically. By Section3.9of RasmussenandWilliams (2006),thesolutionis:� � � ° d � �� x  r;sKt �®� �!�;j � (5)

An exampleis depictedin Figure1.

3 TRAINING THE GP IN THE CLASSIFIER

Our objective now is to find
³ and

N + , so thatwe know everythingabouttheGPpro-
ducing(3), the first stepof the classifier. The secondstepof the classifierdoesnot
requiretrainingasit’sa fixedsigmoidalfunction.

Amongthemany GPswhich couldbepartneredwith our dataset,naturallywe’d
like to comparetheir usefulnessquantitatively. Consideringtheoutputs of a certain
GP, how likely they areto beappropriatefor thetrainingdatacanbedecomposedusing
Bayes’theorem: m �  n w�� � ��� m � � n  � m �  n w-�m � � n w-� � (6)

Let’s focuson thetwo factorsin thenumerator. Assumingthedatasetis i.i.d.,m � � n  �²� $¸¹�º � m � � ¹ n � ¹ �I� (7)

Droppingthe subscriptsin the product,m � � n � � is informedby our sigmoidfunction,� �®� � . Specifically, m � �´� x n � � is � �®� � by definition, and to completethe picture,m � ��� :Bx n � �?� x»: � �®� � . A terseway of combiningthesetwo casesis to writem � � n � �.� ° � � � � .
Thesecondfactorin the numeratoris m �  n w-� . This is relatedto theoutputof the

first stepof our schematicdrawing, but first we’re interestedin the valueof m �  n w-�
which maximizestheposteriorprobability m �  n w�� � � . This occurswhenthederivative

2
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Figure1: (a) Toy classificationdataset,wherecirclesandcrossesindicateclassmem-
bershipof the input (training)data � , at locationsw . � is x for oneclassand :Bx for
another, but for illustrative purposeswe pretend�¼�e� insteadof :Bx in this figure.
Thesolid line is the(mean)probability �)��� prob

� ����� x n ���!� , i.e. the‘answer’to our
problemaftersuccessfullyperformingGPC.(b) Thecorrespondingdistributionof the
latentfunction

�
, not constrainedto lie between0 and1.

of (6) with respectto  is zero,or equivalentlyandmoresimply, whenthederivative
of its logarithmis zero.Doing this,andusingthesamelogic thatproduced(10) in the
previousdocument,wefind that ³ � N9½ ���o�"m � � n ³ �I� (8)

where
³ is the best  for our problem. Unfortunately,

³ appearson both sidesof the
equation,sowemakeaninitial guess(zerois fine)andgothroughafew iterations.The
answerto (8) canbeuseddirectly in (3), sowe’ve foundoneof thetwo quantitieswe
seektherein.

Thevarianceof  is givenby thenegativesecondderivativeof thelogarithmof (6),
which turnsout to be

� N p � �¾¿� p � , with ¾À� : ½Á½ ���%�2m � � n  � . Makinga Laplace
approximation, wepretendm �  n w�� � � is Gaussiandistributed,i.e.m �  n w�� � � b�Â �  n w�� � ���LE � ³ � � N p � �¾¿� p � �H� (9)

(This assumptionis occasionallyinaccurate,so if it yields poor classifications,bet-
ter waysof characterizingtheuncertaintyin  shouldbeconsidered,for examplevia
expectationpropagation.)
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Now for a subtlepoint. Thefactthat  canvarymeansthatusing(2) directly is in-
appropriate:in particular, its meanis correctbut its varianceno longertells thewhole
story. This is why we usetheadaptedversion,(3), with

N + insteadof
N

. Sincethe
varyingquantityin (2),  , isbeingmultipliedby

N � N p �
, weadd

N � N p �
cov

�  � N p � N g�
to thevariancein (2). Simplificationleadsto (3), in which

N +'� N �¾ p �
.

With theGPnow completelyspecified,we’rereadytousetheclassifierasdescribed
in theprevioussection.

GPC in the Real World
As with GPR,the reliability of our classificationis dependenton how well we select
the covariancefunction in the GP in our first step. The parametersare � �e��<��i/ 3 & ,
onefewer now because/ $ �[� . However, asusual, � is optimizedby maximizingm � � n w�� � � , or (omitting � on therighthandsideof theequation),m � � n w�� � �.� µ m � � n  � m �  n w-�*·  � (10)

Thiscanbesimplified,usingaLaplaceapproximation,to yieldm � � n w�� � �.� : x� ³ g Nqp � ³  ���o�"m � � n ³ � : x� ���%� � n N n S n Nqp � �¾ n �H� (11)

This is theequationto runyour favouriteoptimizeron,asperformedin GPR.

4 MULTI-CLASS GPC

We’ve describedbinaryclassification,wherethenumberof possibleclasses,© , is just
two. In thecaseof ©ÄÃ � classes,oneapproachis to fit an

�
for eachclass.In thefirst

of thetwo stepsof classification,ourGPvaluesareconcatenatedas � �®� �� �!� �!�2� � �$ � � 1� �!� � �2� � 1$ �!� � �2� ��Å� � �!� �2� ��Å$ � g � (12)

Let � beavectorof thesamelengthas  which,for eachÆ � x � � �!�2� � , is x for theclass
whichis thelabeland � for theother © :Çx entries.Let

N
grow to beingblockdiagonal

in thematrices
N � � �!� �2� N Å

. So thefirst changewe seefor ©ÈÃ � is a lengthening
of theGP. Section3.5 of RasmussenandWilliams (2006)offershintson keepingthe
computationsmanageable.

Thesecondchangeis thatthe(merelyone-dimensional)cumulativeGaussiandis-
tribution is no longer sufficient to describethe squashingfunction in our classifier;
insteadweusethesoftmaxfunction.For the Æ th datapoint,m � ��É¹ n  ¹ �²�0�-É¹ � 4I576 ��� É¹ �Ê É^Ë 4 576 �®� É Ë¹ � (13)

where ¹ is a nonconsecutivesubsetof  , viz.  ¹ �Ä� � �¹ � � 1¹ �!� �!�2� � Å¹ & . We cansumma-
rizeour resultswith Ì �¿�!� �� �!� �!�2�*� �$ �*� 1� �!� �!�"�*� 1$ � � �!�"�*� Å� � � �!�2�*� Å$ & .

Now thatwe’vepresentedthetwo big changesneededto go from binary-to multi-
classGPC,wecontinueasbefore.Settingto zerothederivativeof thelogarithmof the
componentsin (6), wereplace(8) with³ � N � � : ³Ì �H� (14)

Thecorrespondingvarianceis
� N p � �¾¿� p � asbefore,but now ¾�� diag

� Ì � :ÎÍ�Í g
,

where Í is a © �v�L� matrix obtainedby stackingvertically the diagonalmatrices
diag

� Ì É � , if Ì É is thesubvectorof Ì pertainingto class� .
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With thesequantitiesestimated,wehaveenoughto generalize(3) tom ��� É� n  �²�LE¡Ï N É� � N É � p � ³ É � diag
� N �_� � : � N É� � g � N É  � ¾ É � p � � p � � N É� � g�Ð � (15)

where
� É� ,

N É� , and ¾ É representtheclass-relevant informationonly. Finally, (11) is
replacedwithm � � n w�� � �²� : x� ³ g N p � ³  � g ³ : $Ñ ¹�º � ���%�hÒ ÅÑ É º � 4I576 ³� É¹�Ó : x� ���o� Ïin N n S n N p � �¾ n Ð �

(16)

We won’t presentanexampleof multi-classGPC,but hopefullyyougettheidea.

5 DISCUSSION

As with GPR,classificationcanbeextendedto accept� valueswith multiple dimen-
sions,while keepingmostof the mathematicsunchanged.Otherpossibleextensions
includeusingtheexpectationpropagationmethodin lieu of theLaplaceapproximation
asmentionedpreviously, putting confidenceintervals on the classificationprobabili-
ties, calculatingthe derivativesof (16) to aid the optimizer, or using the variational
Gaussianprocessclassifiersdescribedin MacKay(1998),to namebut four extensions.

Second,we repeattheBayesiancall from thepreviousdocumentto integrateover
a rangeof possiblecovariancefunction parameters.This shouldbe doneregardless
of how muchprior knowledgeis available— seefor exampleChapter5 of Sivia and
Skilling (2006)onhow to choosepriorsin themostopaquesituations.

Third, we’ve againsparedyou a few practicalalgorithmicdetails;computercode
is availableathttp://www.gaussianprocess.org/gpml, with examples.
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