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1 MOTIVATION

Figurelillustratesatypical exampleof a predictionproblem:givensomenoisyobser
vationsof a dependenvtariableat certainvaluesof theindependenvariablez, whatis
our bestestimateof the dependentariableatanew value,z,?

If we expectthe underlyingfunction f(z) to be linear, and can make someas-
sumptionsaboutthe input data,we might usea least-squaremethodto fit a straight
line (linearregression) Moreover, if we suspectf (z) mayalsobe quadraticcubic,or
evennonpolynomialwe canusetheprinciplesof modelselectiorto chooseamongthe
variouspossibilities.

Gaussiarprocessregression(GPR) is an even finer approachthanthis. Rather
thanclaiming f () relatesto somespecificmodels(e.g. f(z) = mz + ¢), aGaussian
processcanrepresenif (x) obliquely, but rigorously by letting the data‘'speak’ more
clearlyfor themseles.GPRis still aform of supervisedearning,but thetrainingdata
areharnesseth asubtlerway.

As such,GPRIis aless‘parametric’tool. However, it’'s not completelyfree-form,
andif we’re unwilling to make even basicassumptionsbout f (z), thenmore gen-
eraltechniqueshouldbe consideredincludingthoseunderpinnedy the principle of
maximumentrofy; Chaptei6 of Sivia andSkilling (2006)offersanintroduction.
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Figurel: Givensix noisy datapoints(errorbarsareindicatedwith verticallines),we
areinterestedn estimatingaseventhatz, = 0.2.



2 DEFINITION OF A GAUSSIAN PROCESS

GaussiamprocessefGPs)extendmultivariateGaussiamlistributionsto infinite dimen-
sionality Formally, aGaussiamprocesgeneratedatalocatedhroughousomedomain
suchthat ary finite subsetof the rangefollows a multivariate Gaussiardistribution.

Now, the n obsenationsin an arbitrarydataset,y = {y1,...,yn}, canalwaysbe

imaginedasasinglepointsampledrom somemultivariate(n-variate)Gaussiarlistri-

bution, afterenoughthought.Hence workingbackwards this datasetcanbepartnered
with a GP. ThusGPsareasuniversalasthey aresimple.

Very often,it’s assumedhatthe meanof this partnerGPis zeroeverywhere What
relatesoneobsenationto anotheiin suchcasess justthecovariancefunction k(x, z').
A popularchoiceis the ‘squaredexponential’,
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k(z,z') = 0% exp [

wherethe maximumallowablecovarianceis definedass? — this shouldbe high for
functionswhich coverabroadrangeonthey axis.If z ~ z', thenk(z, z") approaches

this maximum,meaningf(z) is nearlyperfectlycorrelatedwith f(z'). Thisis good:
for our functionto look smooth,neighbouramustbe alike. Now if z is distantfrom
z', we have insteadk(z, z') = 0, i.e. thetwo pointscannot'see’ eachother So,for
example duringinterpolationatnew z valuesdistantobsenationswill have nggligible
effect. How mucheffectthis separatiorhaswill dependonthelengthparameteri, so
thereis muchflexibility built into (1).

Not quiteenougkflexibility though:thedataareoftennoisyaswell, from measure-
menterrorsandsoon. Eachobsenationy canbethoughtof asrelatedto anunderlying
function f (z) througha Gaussiamoisemodel:

somethingwhich shouldlook familiar to thosewho've doneregressiorbefore. Re-
gressions thesearcHor f(z). Purelyfor simplicity of expositionin the next page we

take thenovel approactof folding thenoiseinto k(z, z'), by writing
—(z—a')°

k(z,z') = 0% exp [ B

] +028(z, 2'), @)

whered(z, z') is the Kronecler deltafunction. (When most peopleuse Gaussian
processesthey keepo,, separatérom k(x,z'). However, our redefinitionof k(z, z")

is equallysuitablefor working with problemsof thesortposedn Figurel. So,givenn
obsenrationsy, our objectieis to predicty,, notthe‘actual’ f,; their expectedvalues
areidenticalaccordingo (2), but theirvariancesliffer owing to theobsenrationalnoise
processe.g.in Figurel, theexpectedvalueof y,, andof f,, isthedotatz..)

To preparefor GPR,we calculatethe covariancefunction, (3), amongall possible
combinationf thesepoints,summarizingour findingsin threematrices:

k(z1,21) k(zi,22) -+ k(z1,25)
K- k(.’L’Q:, .731) k(.Z‘Q:, 1‘2) . k(iL‘Q:, .’L'n) (4)
k(:cn., z1) k(:cn, xa) - k(mn., Zn)
K, = [k(ze,21) k(@i,22) -+ k(24,25 Koo = k(z4,24).  (5)

Confirmfor yourselfthatthediagonaklementof K ares? + o2, andthatits extreme
off-diagonalelementgendto zerowhenz spanalargeerl’fnugrdomaln.



3 How TO REGRESS USING GAUSSIAN PROCESSES

Sincethe key assumptiorin GP modellingis that our datacanbe representeds a
samplefrom a multivariateGaussiaristribution, we have that

y K K[
MR ®
whereT indicatesmatrix transposition We areof courseinterestedn the conditional

probability p(y.|y): “giventhe data,how likely is a certainpredictionfor y,?". As
explainedmoreslowly in theAppendix theprobabilityfollowsaGaussiamlistribution:

Yely ~ N(K.K 'y, Koo — K.K'K}). (7)
Our bestestimatefor y, is themeanof this distribution:
7, = K.K 'y, (8)
andtheuncertaintyin our estimatas capturedn its variance:
var(yy) = Ky — K, K 1KY, 9)
We’re now readyto tacklethedatain Figurel.
1. Therearen = 6 obsenationsy, at
x =[-1.50 -1.00 —0.75 —0.40 -0.25 0.00].

Weknow ¢, = 0.3 from theerrorbars.With judiciouschoicesof oy andl (more
onthis later),we have enoughto calculatea covariancematrix using(4):

1.70 142 1.21 0.87 0.72 0.51
142 1.70 1.56 1.34 1.21 0.97
1.21 156 1.70 1.51 1.42 1.21
0.87 1.34 151 1.70 1.59 1.48
0.72 1.21 142 159 1.70 1.56
0.51 097 1.21 148 1.56 1.70

From(5) we alsohave K, = 1.70 and

K,=1[038 0.79 1.03 135 1.46 1.58].

2. From(8) and(9), 7, = 0.95 andvar(y,.) = 0.21.

3. Figurel shows a datapoint with a questionmark underneathrepresentinghe
estimatiorof the dependentariableatz, = 0.2.

We canrepeatthe above procedureor variousotherpointsspreadover someportion
of thex axis,asshavn in Figure2. (In fact,equivalently we couldavoid therepetition
by performingthe above procedureoncewith suitablylarger K, and K. matrices.
In this case,sincethereare 1,000test points spreadover the = axis, K, would be
of size1,000x 1,000.) Ratherthanplotting simpleerrorbars,we’ve decidedto plot
7, £ 1.96+/var(y,), giving a 95% confidencenterval.
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Figure2: Thesolidline indicatesanestimatiorof y, for 1,000valuesof z... Pointwise
95% confidencéntervalsareshaded.

4 GPRIN THE REAL WORLD

The reliability of our regressionis dependenbn how well we selectthe covariance
function. Clearly if its parameters— call them@ = {l,o0,0,} — arenot cho-
sensensibly the resultis nonsenseOur maximuma posteriori estimateof 8 occurs
whenp(8|x,y) is atits greatestBayes'theoremtells usthat,assumingve have little

prior knowledgeaboutwhat@ shouldbe,this correspond maximizinglog p(y|x, 8),

givenby

1 _ 1 n
logp(y[x,0) = =5y K~y — 5 log |K| — - log 2. (10)

Simply run your favourite multivariateoptimizationalgorithm (e.g. conjugategradi-
ents, NelderMead simplex, etc.) on this equationand you've found a pretty good
choicefor 8; in ourexample! = 1 andoy = 1.27.

It's only “pretty good” becausepf course,ThomasBayesis rolling in his grave.
Why commendustoneansweffor 8, whenyou canintegrateeverythingoverthemary
differentpossiblechoicesor 87 Chaptei5 of RasmusseandWilliams (2006)presents
theequationgiecessaryn this case.

Finally, if youfeelyou've graspedhetoy problemin Figure2, thenext two exam-
pleshandlemorecomplicateccasesFigure3(a),in additionto along-termdownward
trend,hassomefluctuationssowe mightuseamoresophisticate@¢ovariancegunction:

—(z —2')?

k(z,z') = 02 2 M 25 ! 11
) =0f1 exp 2l2 —|—(Tf2eXp 2[2 +Jn (.Z',.’E) ( )
1 2

Thefirst termtakesinto accountthe smallvicissitudesof the dependenvariable,and
the secondterm hasa longerlength parametefly = 6[;) to representts long-term
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Figure3: Estimationof y,. (solidline) for afunctionwith (a) short-termandlong-term
dynamicsand(b) long-termdynamicsanda periodicelement Obsenrationsareshavn
ascrosses.

trend.Covariancegunctionscanbegrownin thisway adinfinitum, to suitthecomplec-
ity of your particulardata.

Thefunctionlooksasif it might containa periodicelementput it’s difficult to be
sure. Let’s consideranotherfunction, which we're told hasa periodicelement. The
solidline in Figure3(b) wasregresseavith thefollowing covariancefunction:

—(z —2')?

k(z,2') = o} exp [ 52

] + exp{—2sin’[v7(z — 2')]} + 020(z,z"). (12)

The first term representshe hill-lik e trend over the long term, and the secondterm
gives periodicity with frequeng v. This is the first time we've encountered case
wherez andz’ canbe distantandyet still ‘see’ eachother (thatis, k(x,z') % 0 for
x> x').

Whatif the dependentariablehasotherdynamicswhich, a priori, you expectto
appear?Theres no limit to how complicatedk(z, z') canbe, provided K is positive
definite. Chapter4 of Rasmusseand Williams (2006) offers a good outline of the
rangeof covariancefunctionsyou shouldkeepin yourtoolkit.

“Hangonaminute; you ask,“isn’t choosinga covariancefunctionfrom atoolkit
a lot like choosinga modeltype, suchaslinear versuscubic — which we discussed
atthe outset?”Well, thereareindeedsimilarities. In fact, thereis no way to perform
regressiorwithoutimposingat leasta modicumof structureon thedataset;suchis the
natureof generatie modelling. However, it's worth repeatinghat Gaussiamprocesses
do allow the datato speakvery clearly For example,thereexists excellenttheoreti-
cal justificationfor the useof (1) in mary settings(RasmusseandWilliams (2006),
Section4.3). You will still wantto investigatecarefully which covariancefunctions
areappropriatefor your dataset. Essentiallychoosingamongalternatve functionsis
away of reflectingvariousformsof prior knawledgeaboutthe physicalprocessunder
investigation.



5 DIsCcuUssION

We've presented brief outline of the mathematic®f GPR,but practicalimplementa-
tion of the above ideasrequiresthe solutionof a few algorithmichurdlesasopposed
to thoseof dataanalysis. If you arent a good computerprogrammerthenthe code
for Figuresl and2 is atftp://ftp.robots.ox.ac.uk/pub/oubing/melden’misc/GPtut.zip
andmoregenerakodecanbefoundat http://wwwgaussianpocess.ay/gpml

We've merelyscratchedhesurfaceof a powerful techniqugMacKay,1998).First,
althoughthe focushasbeenon one-dimensionahputs, it’s simpleto acceptthoseof
higherdimension. Whereast would thenchangefrom a scalarto a vector, k(z, z")
would remaina scalarandsothe mathsoverallwould bevirtually unchangedSecond,
the zerovectorrepresentinghe meanof the multivariateGaussiardistribution in (6)
canbereplacedwith functionsof z. Third, in additionto their usein regressionGPs
areapplicableto integration,globaloptimization,mixture-of-expertsmodels unsuper
visedlearningmodels,andmore— seeChapted of RasmusseandWilliams (2006).
Thenext tutorial will focusontheirusein classification
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APPENDIX

Imagineadatasampled takenfrom somemultivariateGaussiardistributionwith zero
meanand a covariancegiven by matrix D. Now decomposel arbitrarily into two
consecutie subvectorsa andb — in otherwords,writing d ~ A (0, D) would bethe

sameaswriting
T
B~ (fE 5)) &

whereA, B, andC arethecorrespondindits andpieceshatmake up D.

Interestinglytheconditionaldistribution of b givena is itself Gaussian-distrilted.
If the covariancematrix D were diagonalor even block diagonal,then knowing a
wouldn't tell usarything aboutb: specifically bla ~ A/(0, B). Ontheotherhand,if
C werenonzerothensomematrix algebrdeadsusto

bla~N(CA™'a, B—CA~'CT). (14)

Themean,C A~ !a, is known asthe ‘matrix of regressioncoeficients’, andthe vari-
ance,B — CA~1C7T, isthe‘Schurcomplementf A in D’

In summaryif we know someof d, we canusethatto inform our estimateof what
therestof d mightbe,thanksto therevealingoff-diagonalelementf D.
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1 OVERVIEW

As mentionedn the previous document GPscanbe appliedto problemsotherthan
regression.For example,if the outputof a GPis squashedntotherange|0, 1], it can
representhe probability of a datapoint belongingto oneof saytwo types,andvoila,
we canascertairclassificationsThis is the subjectof the currentdocument.

The big differencebetweenGPRandGPCis how the outputdata,y, arelinkedto
the underlyingfunction outputs,f. They areno longerconnectedsimply via a noise
processasin (2) in the previous documentput areinsteadnow discrete:sayy = 1
preciselyfor oneclassandy = —1 for the other In principle, we couldtry fitting a
GPthatproducesnoutputof approximatelyl for somevaluesof z andapproximately
—1 for others simulatingthis discretizationInsteadwe interposehe GP betweerthe
dataandasquashindunction;then,classificatiorof a new datapoint z, involvestwo
stepsinsteadof one:

1. Evaluatea ‘latent function’ f which modelsqualitatively how thelikelihood of
oneclassversugheotherchange®verthez axis. Thisis the GRP

2. Squashheoutputof thislatentfunctiononto|0, 1] usingary sigmoidalfunction,

n(f) = prob(y =1[).

Writing thesetwo stepsschematically

data,z, | =5 ‘ latentfunction, f.|z.

The next sectionwill walk you throughmore slovly how sucha classifieroperates.
Section3 explains how to train the classifier so perhapswe'’re presentinghingsin
reverseorder! Sectiond handleslassificatiorwhentherearemorethantwo classes.
Beforewe get started,a quick noteon 7 (f). Although otherformswill do, here
we will prescribet to be the cumulatve Gaussiardistribution, ®(f). This S-shaped
functionsatisfiesour needsmappinghigh f into 7 (f) ~ 1, andlow f into 7 (f) = 0.
A secondjuick note,revisiting (6) and(7) in thefirst documentconfirmfor your-
selfthat,if therewerenonoise(o,, = 0), thetwo equationsouldberewrittenas

HERICIF) ®

ff ~MN(KGK K — KLKTUKY). 2)

_Sigmoid ‘ classprobability, 7 (f,) |

and



2 USING THE CLASSIFIER

Supposeve'vetrainedaclassifieffrom n inputdatax, andtheir correspondingxpert-
labelledoutputdata,y. And supposehatin the processve formedsomeGP outputs
f correspondingo thesedata,which have someuncertaintyout meanvaluesgivenby
f. We're now readyto inputa new datapoint, z,, in the left sideof our schematicin
orderto determineat the otherendtheprobabilityr, of its classmembership.

In thefirst step,finding the probability p( f.|f) is similarto GPR,i.e. we adapt(2):

p(fulf) = N(K.K 7', K. — K (K')T'K]). (3)

(K" will be explainedsoon,but for now considerit to be very similarto K.) In the
secondstep,we squashy, to find the probability of classmembershipz, = 7 (fs) =
®(f.). Theexpectedvalueis

ﬂ=/ﬂﬁMﬂM%- @)

This is the integral of a cumulatve Gaussiartimesa Gaussianwhich canbe solved
analytically By Section3.9of RasmusseandWilliams (2006),thesolutionis:

Te=0 (ﬁ) (5)

An exampleis depictedn Figurel.

3 TRAINING THE GP IN THE CLASSIFIER

Our objective now is to find f and K, sothatwe know everythingaboutthe GP pro-
ducing(3), the first stepof the classifier The secondstepof the classifierdoesnot
requiretrainingasit’s a fixed sigmoidalfunction.

Amongthe mary GPswhich could be partneredvith our dataset, naturallywe’d
like to comparetheir usefulnesgjuantitatvely. Consideringhe outputsf of a certain
GR how likely they areto beappropriatdor thetrainingdatacanbedecomposedsing
Bayes'theorem:

f)p(f|x
(£l y) = p(yf)p(flx) ©)
p(y(x)
Let'sfocusonthetwo factorsin the numeratorAssumingthedatasetis i.i.d.,
p(ylf) = [] p(yil £i)- 7

i=1

Droppingthe subscriptsn the product,p(y| f) is informedby our sigmoidfunction,
wm(f). Specifically p(y = 1|f) is w(f) by definition, andto completethe picture,
p(ly = =1|f) = 1 — =« (f). A terseway of combiningthesetwo casess to write
p(ylf) = 2(yf).

The secondfactorin the numeratoiis p(f|x). This is relatedto the outputof the
first stepof our schematiadrawing, but first we're interestedn the value of p(f|x)
which maximizesthe posteriorprobability p(f|x, y). This occurswhenthe derivative
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Figurel: (a) Toy classificatiordatasetywherecirclesandcrossesndicateclassmem-
bershipof theinput (training) datay, atlocationsx. y is 1 for oneclassand—1 for
another but for illustrative purposesve pretendy = 0 insteadof —1 in this figure.
Thesolidline is the(mean)probability7. = prob(y. = 1|z.), i.e.the‘answer’to our
problemaftersuccessfullyperformingGPC.(b) The correspondinglistribution of the
latentfunction f, notconstrainedo lie betweerD and1.

of (6) with respecto f is zero,or equivalentlyandmore simply, whenthe derivative
of its logarithmis zero. Doing this, andusingthe sameogic thatproduced10) in the
previousdocumentywe find that

f = KV logp(ylf), (8)

wheref is the bestf for our problem. Unfortunatelyf‘ appearsn both sidesof the
equationsowe make aninitial guesqzerois fine) andgo throughafew iterations.The
answerto (8) canbeuseddirectlyin (3), sowe've found oneof the two quantitieswe
seektherein.

Thevarianceof f is givenby thenegative seconderivative of thelogarithmof (6),
whichturnsoutto be (K—! + W)~1, with W = —VV log p(y|f). MakingaLaplace
approximation we pretendp(f|x, y) is Gaussiartistributed,i.e.

p(Ex,y) ~ q(flx,y) = N, (K~ +W)™). 9)

(This assumptions occasionallyinaccurateso if it yields poor classificationshet-
ter waysof characterizinghe uncertaintyin f shouldbe consideredfor examplevia
expectatiorpropagation.)



Now for asubtlepoint. Thefactthatf canvary meanghatusing(2) directlyis in-
appropriatein particular its meanis correctbut its varianceno longertells thewhole
story. This is why we usethe adaptedversion,(3), with K’ insteadof K. Sincethe
varyingquantityin (2), f, is beingmultipliedby K. K !, weaddK,. K ~'cov(f) K 'K}
to thevariancein (2). Simplificationleadsto (3), in whichK’' = K + W1,

With theGPnow completelyspecifiedwe’rereadyto usetheclassifierasdescribed
in the previoussection.

GPC in the Real World

As with GPR,thereliability of our classificationis dependenbn how well we select
the covariancefunctionin the GP in our first step. The parameterare® = {l,0s},

onefewer now becauser,, = 0. However, asusual,@ is optimizedby maximizing
p(y|x, @), or (omitting @ on therighthandsideof the equation),

p(51%,6) = [ plyIDp(Elx)ar. (10)
This canbe simplified,usinga Laplaceapproximationto yield
plyl,0) = —SH K + logp(ylf) — S log(K] - [K ' + W) (11)
Thisis theequatiorto run your favourite optimizeron, asperformedn GPR.

4 MuULTI-CLASS GPC

We've describedinary classificationwherethe numberof possibleclasses(, is just
two. In thecaseof C > 2 classespneapproachs to fit an f for eachclass.In thefirst
of thetwo stepof classificationpur GP valuesareconcatenateds

U PP L O O [ TTERY Aok (12)

Lety beavectorof thesamdengthasf which,for eachi = 1,... ,n, is1 for theclass
whichis thelabeland0 for theotherC —1 entries.Let K grow to beingblock diagonal
in thematricesk’!,... , K¢. Sothefirst changewe seefor C > 2 is a lengthening
of the GP. Section3.5 of RasmusseandWilliams (2006) offers hints on keepingthe
computationsnanageable.
Thesecondchangeds thatthe (merelyone-dimensionalgumulative Gaussiardis-

tribution is no longer sufficient to describethe squashingunction in our classifier;
insteadwe usethe softmaxfunction. For theith datapoint,

exp(ff)

p(yi|fi) = ni = S exp(£7) (13)

wheref; is anonconsecutie subseof f, viz. f; = {f}, f2,..., f¢}. We cansumma-

N
rizeourresultswith # = {x},... .7k 72, ... 72, ..., 7o, ..., 7).
Now thatwe've presentedhetwo big changesieededo go from binary-to multi-
classGPC,we continueasbefore.Settingto zerothe derivative of thelogarithmof the

componentsn (6), we replace(8) with
f=K(y—-#). (14)

Thecorrespondingariances (K ~1 +W)~! asbefore butnow W = diag(w)—IIII 7T,
wherell is a Cn x n matrix obtainedby stackingvertically the diagonalmatrices
diag(w¢), if w¢ is thesubvectorof 7 pertainingto classc.



With thesequantitiesestimatedywe have enoughto generaliz€3) to
p(fEIF) = N (KE(K) T, diag K..) — (KT (K°+ (W) ™)™ (KD)T), (15)

wheref¢, K¢, andW e representhe class-relgantinformationonly. Finally, (11)is
replacedwith

C
_ lAT —1gp Tg S £ 1 -1
p(y|x,0)——§f K 'f+y f—;log ;expff —Elog(|K|-|K +W]).

(16)
We won't presenanexampleof multi-classGPC,but hopefullyyou gettheidea.

5 DIscussiON

As with GPR,classificationcanbe extendedto acceptz valueswith multiple dimen-
sions,while keepingmostof the mathematicainchanged.Otherpossibleextensions
includeusingtheexpectatiompropagatiormethodn lieu of the Laplaceapproximation
asmentionedpreviously, putting confidencantervals on the classificationprobabili-
ties, calculatingthe derivatives of (16) to aid the optimizer or usingthe variational
Gaussiamprocesglassifierslescribedn MacKay (1998),to namebut four extensions.

Secondwe repeatthe Bayesiarcall from the previousdocumento integrateover
a rangeof possiblecovariancefunction parameters.This shouldbe doneregardless
of how muchprior knowledgeis available— seefor exampleChapters of Sivia and
Skilling (2006)on haw to choosepriorsin the mostopaquesituations.

Third, we've againsparedyou a few practicalalgorithmicdetails;computercode
is availableat http://wwwgaussianpocess.ag/gpm| with examples.
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